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Section I
1.1 Kähler metrics
Let X be an n-dimensional complex manifold. We consider a
Riemannian metric g on X which is algebraically compatible
with the complex structure, in the sense that it is the real part of
a Hermitian form. The imaginary part of the Hermitian form is
skew-symmetric, an exterior 2-form ω.
Definition The metric is Kähler if ω is closed: dω = 0.
An equivalent definition is that the holonomy of the Riemannian
metric lies in U(n)–i.e. parallel transport of tangent vectors
commutes with multiplication by I.
Kähler geometry can be seen as the intersection of complex,
Riemannian and symplectic geometry.

In local co-ordinates P
za the Hermitian structure is given by a
matrix gab and ω = i gab dza dz b . The ∂∂-Lemma states that
the metric can be given, locally, by a potential φ
gab =

∂2φ
,
∂za ∂z b

or, in different notation, ω = i∂∂φ.
Suppose that X is compact and ω0 is a Kähler metric on X . It
defines a non-zero cohomology class [ω0 ] ∈ H 2 (X ; R). The
global version of the ∂∂-Lemma says that any other Kähler
metric ω in the same cohomology class can be represented by
a potential ω = ω0 + i∂∂φ.

The theme of these lectures is the search for an “optimal”
Kähler metric, in a given cohomology class, on a compact
complex manifold, and particularly on a complex projective
manifold.
Recall that a Riemannian manifold has a curvature tensor Riem.
This has a contraction to the Ricci tensor Ric. One geometric
characterisation of the Ricci tensor is in terms of the
Riemannian volume form in local geodesic co-ordinates xi
Vol = (1 −

1X
Rij xi xj + O(x 3 )VolEuc .
6
ij

A further contraction of the Ricci tensor gives the scalar
curvature S.

On a Kähler manifold the Ricci tensor is Hermitian, the
corresponding 2-form ρ is closed and represents the class
2πc1 (X ). In local complex co-ordinates, a formula for the Ricci
form is
ρ = i∂∂Vol,
where Vol = det(hab ).

Four notions of “optimal” metrics.
I

If c1 (X ) is a multiple of the Kähler class, c1 = λ[ω], then we
can look for a Kähler-Einstein metric: ρ = λω.

I

In any Kähler class we may seek a constant scalar
curvature Kahler (CSCK) metric. Clearly Kähler-Einstein
metrics are CSCK.

I

In any Kähler class we may consider the critical points of
the Calabi functional kRiemk2L2 . These are called extremal
metrics. The Euler-Lagrange equation is that the gradient
of the scalar curvature is a holomorphic vector field. CSCK
metrics are extremal (and on a manifold with no
holomorphic vector fields the converse is true).

I

In the case when c1 = λ[ω], the Kähler-Ricci soliton
equation is that ρ − λω is the Lie derivative of ω along a
holomorphic vector field.

So we are asking about the existence of such metrics.

Why should we be interested in these questions?
I

The questions lead to interesting interactions between
Riemannian geometry, complex (algebraic) geometry, PDE
and analysis.

I

A paradigm is the case of complex dimension 1. A
compact Riemann surface has an essentially unique metric
of constant Gauss curvature. This is essentially the
uniformisation theorem (for compact Riemann surfaces).

I

The interactions are especially interesting in the context of
moduli problems (see later).

I

There are many renowned general theorems, notably from
the 1970’s the existence of Kähler-Einstein metrics in the
negative case (λ < 0) [Aubin, Yau] and the Calabi-Yau
case (λ = 0) [Yau].

1.2 Geometric Invariant theory, Kempf-Ness etc.

Going back to the 1980’s, it has been realised that there is a
general package of ideas relating complex moduli problems to
“metric geometry”.
Let K c be reductive complex Lie group, the complexification of
a compact group K (e.g. K = SU(m), K c = SL(m, C)). Let V
be a complex representation of K c .
Complex moduli problem—study the “space” of orbits of K c in
V . The fundamental difficulty is that the set of all orbits will not
have a good structure.

Take the ring R of invariant polynomials on V . This is finitely
generated and Proj(R) is a projective variety, but the points of
Proj(R) do not exactly correspond to the orbits.
A point v ∈ V is called stable if its K c orbit is closed.
A point v ∈ V is called semi-stable it 0 does not lie in the
closure of its K c orbit.
The points of Proj(R) correspond to semi-stable orbits, with
some distinct semi-stable orbits which are not stable identified.

Now introduce “metric geometry” by fixing a K -invariant
Hermitian metric on V .
Kempf-Ness:
1. a point is stable if and only if its K c orbit contains a point
which minimises the norm within the orbit;
2. in the stable case the minimising vector is unique up to the
action of K ;
3. a point is semi-stable if and only if the norm has a strictly
positive lower bound on its K c orbit.

Given a non-zero point v ∈ V the function Fv (g) = log |g(v )| on
K c is preserved by left multiplication by K so descends to a
function
Fv : K c /K → R.

The manifold K c /K is a symmetric space of negative curvature.
The stability/semi-stability of v depends on whether Fv attains
a minimum/ is bounded below. An important general property is
that Fv is convex along geodesics in K c /K —this gives the
uniqueness in (2).

How can we detect stability?
The Hilbert-Mumford numerical criterion. For simplicity
suppose that the K c -orbit of v is free. Let λ : C∗ → K c be a
non-trivial 1-parameter subgroup. Then λ(t)v has a Laurent
expansion about t = 0. Let −w(λ, v ) ∈ be the order of the
leading term in this expansion. Then v is stable if and only if
w(λ, v ) > 0 for all λ and semi-stable if weak inequality holds.

Many examples (going under the general heading of the
“Kobayshi-Hitchin correspondence”) are understood of
differential geometric problems which can be viewed as
infinite-dimensional versions of this set-up.
The first example [Atiyah-Bott]. Let E → Σ be a (trivial) C ∞
complex vector bundle over a compact Riemann surface. Let A
be the set of ∂-operators on E. There is a group G c of bundle
automorphisms of E and the orbits of G c in A correspond to
isomorphism classes of holomorphic vector bundles.

Now fix a Hermitian metric on E. We get a subgroup G ⊂ G c of
unitary automorphisms. Points in A can be viewed as unitary
connections on E. There is a functional analogous to the norm
in the finite-dimensional case and the corresponding
Euler-Lagrange equation is that the curvature of the connection
is zero. The analogue of the Kempf-Ness result becomes the
theorem of Narasimhan and Seshadri from the 1960’s, that
stable holomorphic bundles over Σ correspond to flat unitary
connections.
In this picture, G corresponds to the compact group K and G c to
the complex reductive group K c .
The relevant “numerical criterion” for stability of a holomorphic
bundle E in this situation is that for all proper sub-bundles
F ⊂ E the inequality c1 (F ) < 0 holds.

1.3 Back to Kähler geometry

The problem of finding extremal and CSCK metrics can, to
some degree, be put in this framework.
Let (M, ω) be a compact symplectic manifold and G be the
group of exact symplectomorphisms. The Lie algebra of G is
the space of Hamiltonian functions on M, modulo constants.
Let J be the space of integrable almost-complex structures
compatible with ω. Then G acts on J and the formal structure is
the same as for the compact group K acting on V , or for the
Atiyah-Bott bundle case.
The difference is that there is no complexification G c .

We have an equivalence relation on J :
J1 ∼ J2 if (M, J1 ), (M, J2 ) are isomorphic complex manifolds
The equivalence classes can be interpreted as the orbits of the
(nonexistent) group G c .
Fixing a complex structure X , the space H of Kähler metrics in
the given cohomology class is interpreted as G c /G.
And indeed H does have the structure of an infinite dimensional
symmetric space of negative curvature, defined by the Mabuchi
metric.

For an infinitesimal variation δω = i∂∂(δφ) (normalised so that
the integral of δφ is zero):
Z
ωn
2
kδωkω = (δφ)2 .
n!
X

The functional on H analogous to the Kemp-Ness log |v | is the
Mabuchi functional. It can be defined by its infinitesimal
variation
Z
δφ(S − Ŝ),
δF =
X

where S is the scalar curvature and Ŝ is the average of S over
X.
So a critical point is exactly a CSCK metric.

The other crucial notion is the Futaki invariant. We suppose
there is an action of S 1 on the complex manifold X .
Differential geometric viewpoint Consider an S 1 -invariant
metric ω in the given Kähler class. The S 1 action is generated
by a Hamiltonian function H. The Futaki invariant is defined to
be
Z
ωn
Fut =
H(S − Ŝ) .
n!
X|
It does not depend on the choice of metric ω.
In particular, if the Futaki invariant is not zero there can be no
CSCK metric. Extremal metrics are the appropriate
generalisation of CSCK to the case of manifolds with non-trivial
automorphisms.

Algebro-geometric viewpoint Assume now that the Kähler
class corresponds to an integral polarisation so we have an
ample line bundle L → X with c1 (L) = 2π[ω].
Let dk = dimH 0 (X , Lk ). For large k it is given by the Hilbert
polynomial, of degree n.
Suppose that S 1 action is lifted to L. Then S 1 acts on H 0 (X , Lk ),
let wk be the weight of the action on the highest exterior power.
For large k it is given by a Hilbert polynomial, of degree n + 1.
wk
Set F (k ) = kd
so for large k we have an expansion
k
F (k) = F0 + k −1 F1 + k −2 F2 + . . . .
The Futaki invariant is the co-efficient F1 .
The connection with the differential geometric viewpoint comes
from the equivariant Riemann-Roch formula.
This algebro-geometric viewpoint extends immediately to the
case when X is singular, or even a scheme.

1.3 The YTD conjecture
Preliminary discussion
We have a polarised complex manifold L → X . The main
problem is to give an algebro-geometric criterion for the
existence of a CSCK metric in the class [ω] = 2πc1 (L).
Such a metric corresponds to a critical point (in fact minimum)
of the Mabuchi functional) F on the space H of Kähler metrics.
Very roughly:
I
I
I

we expect that if there is no minimum then a minimising
sequence will tend to a “point at infinity” in H;
we want to identify this point at infinity with some
“algebro-geometric object”;

there should be a numerical criterion which tells us which
of the points at infinity are “destabilising” i.e. whether the
functional F decreases as we approach that point at
infinity.

BUT this is just an informal motivating picture— “points at
infinity” in H have no a priori meaning.

K-stability
Fix (X , L) as above. We consider equivariant degenerations (or
test configurations)
L → X → C.
Here
I
I
I

π : X → C is a flat family with π −1 (1) = X ;

the line bundle L → X is ample on the fibres. and
restriction of L to π −1 (1) is some power Lm ;
there is a C∗ -action on the whole set-up.

These degenerations can be thought of as algebro-geometric
descriptions, or analogs, of certain points at infinity in H.
We define the Futaki invariant of a degeneration X to be the
invariant we defined above for the central fibre π −1 (0),
polarised by the restriction of L.

We say that (X , L) is K-stable if Fut(X ) > 0 for all non-trivial
degenerations X as above.
There are some technicalities in the precise definition of
“non-trivial”.
The (so-called) YTD conjecture is that (X , L) admits a CSCK
metric if and only if it is K-stable.

Remarks
1. In the case of Fano manifolds and Kähler-Einstein metrics
a version of this conjecture was proposed by Yau around
1990.
2. The definition of K-stability (again in the Kähler-Einstein
situation), for the case when the central fibre is smooth or
mildly singular was given by Tian in 1996.
3. The statement of the conjecture can be extended to
include the case of extremal metrics [Szekelyhidi].
4. There are fairly complete results [Bando-Mabuchi, Tian,
Chen-Tian, Donaldson, Stoppa,Berman, Berndtsson . . . ]
(in different contexts) on the “easy” side of the conjecture
i.e. CSCK ⇒ K − stable, and for the uniqueness of CSCK
metrics.
5. The “correct” conjecture may be a little different (see later).

6. There is a circle of ideas and results relating K -stability to
“Chow stability”. The latter constructs moduli spaces via
projective embeddings X → P(H 0 (Lk )∗ ) = PNk and finite
dimensional GIT for the groups SU(Nk + 1), SL(Nk + 1, C). As
k → ∞ there are asymptotic relations, related to geometric
quantisation, between these finite dimensional pictures and the
infinite dimensional picture.
But we do not have time to go into this ideas in more detail here.

1.4 The toric case
Consider a polarised toric manifold (X , L). This corresponds to
a convex polytope P ⊂ Rn . Invariant Kähler metrics on X can
be described in terms of convex functions u on P [Guillemin,
Abreu].
We have intP × T n ⊂ X (open, dense). Take co-ordinates xi on
Rn and θi on T n .
The metric is
X
X
u ij dθi dθj ,
uij dxi dxj +
2

u
and u ij is the inverse matrix.
where uij = ∂x∂i ∂x
j
There are also some boundary conditions on ∂P which we will
not go into.
The scalar curvature is

S=−

X ∂ 2 u ij
∂xi ∂xj

The integral structure defines a natural measure dσ on ∂P. For
any function f on P set
Z
Z
L(f ) =
fdσ − A fdμ,
∂P

P

where A is a constant chosen so that L(1) = 0.
PDE/Analysis The Mabuchi functional, expressed in terms of a
smooth convex function u, is
Z
F (u) = − log det(uij ) + L(u).
P

The problem is to find a smooth minimiser.

Algebraic geometry Suppose that f is a convex rational
piecewise-linear function. Define Q ⊂ P × R to be
{(x, y ) : y ≥ f (x)}. This is a convex polytope which
corresponds to an (n + 1)-dimensional toric variety X . This
yields a degeneration of X in which the central fibre is reducible.
The components of the central fibre correspond to the pieces in
a decomposition of P. The Futaki invariant of X is L(f ).

The (rough) picture. Suppose, say, that L(f ) < 0. Choose a
smooth convex approximation f̃ , with L(f̃ ) < 0. Let u be any
reference metric and for λ >> 0 consider the function
uλ = u + λf̃ .
The slow growth of the logarithmic term in the definition of F
implies that F (uλ ) → −∞ as λ → ∞.
The toric version of the YTD conjecture in the case of surfaces
(n=2) is known [Donaldson] and the results have been extended
to extremal metrics by [B. Chen, A-M Li and L. Sheng].
Remark The underlying reason why the differential geometric
theory works simply in this case is that the group of
symplectomorphisms which commute with the torus action is
abelian.

Section II Kähler-Einstein metrics on Fano
manifolds

2.1 Initial discussion
The main topic of discussion in this Section II is the proof of the
Yau (or YTD) conjecture for Fano manifolds [Chen, Donaldson,
Sun]. That is:
Theorem A Fano manifold X admits a Kähler-Einstein metric if
and only if (X , KX−1 ) is K-stable.
Remark There are many earlier results proving that particular
Fano manifolds are Kähler-Einstein using the theory of the
α-invariant and log canonical threshold [Yau, Siu, Nadel, Tian,
. . . ].

PDE Strategies
The equation we want to solve is ρ = ω where ρ is the Ricci
form.
1. The continuity method: for a parameter t ∈ [0, 1] and some
fixed positive closed form ρ0 try to solve
ρ = tω + (1 − t)ρ0 ,
and hope to solve up to t = 1 to get the KE metric.
2. Kähler-Ricci flow: with any initial condition there is a
solution of the flow equation
∂ω
= ω − ρ,
∂t
defined for all t > 0. Hope to obtain a KE metric as the limit
when t → ∞.
3. Cone singularities. Fix a smooth divisor D ∈ | − pKX | for
some p. For β ∈ (0, 1] try to find a Kähler-Einstein metric
with a cone angle 2πβ transverse to D and hope to solve
up to β = 1 to get a KE metric.

Approach (3) was the one taken by Chen, Donaldson, Sun.
Recently, another proof has been given by Datar and
Szekelyhidi using approach (1). There is also important
progress by Chen and B. Wang using approach (2). (See later.)

Of course, whatever approach we take we know that in general
we might fail. What we have to show is that the obstruction to
solving the problem is represented by a test configuration with
Futaki invariant ≤ 0.
In any approach, the crucial thing is to be able to take a limit of
the metrics in our approximating scheme and to show that this
limit is an algebro-geometric object.
The foundation for this is the existence of a deep convergence
theory for Riemannian metrics given suitable control of the
Ricci tensor. (This is what makes the Kähler-Einstein problem
more tractable than the general CSCK one.)

2.2 Gromov-Hausdorff convergence

Let A, B be compact metric spaces. The Gromov-Hausdorff
distance dGH (A, B) can de defined by saying that for δ > 0 we
have dGH (A, B) ≤ δ if there is a metric on A t B extending the
given metrics on A, B and such that A and B are δ − dense.

Gromov’s Theorem

Suppose C, D are given and (Mi , gi ) is a sequence of
Riemannian manifolds of fixed dimension m and with
I
I

Ricci(Mi , gi ) ≥ C;

Diam(Mi , gi ) ≤ D.

Then there is a subsequence which converges, in the sense of
dGH , to some limiting metric space.

The Ricci curvature enters the proof through volume
comparison. For simplicity suppose C = 0.
Bishop’s Theorem states that for a point p in a compact
manifold M with Ricci ≥ 0
Vol(Bp (r ))
rm
is a decreasing function of r . So if the volume of M is V and the
diameter is ≤ D then
Vol(Bp (r )) ≥

V m
r .
Dm

Now a packing argument shows that for any  > 0 there is a
fixed computable number N() so that M can be covered by
N() balls of radius . Applying this to the Mi , the construction
of the subsequence and the Gromov-Hausdorff limit follows
from an elementary argument. (Take a sequence of
approximations to theMi by finite sets and use the fact that any
bounded sequence of real numbers has a convergent
subsequence along with a “diagonal argument”.)

While the GH limit is initially just a metric space a lot more is
known about it.
I

Suppose that the Ricci(Mi ) also have an upper bound and
the volumes of Mi are bounded below. Then the limit M∞ is
the union R t S where the regular set R is a C 1,α
Riemannian manifold [Anderson, Cheeger, Colding] and
the singular set S is closed, of Hausdorff codimension ≥ 4
[Cheeger, Colding Tian].

I

At each point q of M∞ there exist metric “tangent cones”
[Cheeger, Colding].

2.3 GH limits, line bundles and algebraic geometry

To get to the main ideas we discuss a slightly different situation
[Donaldson, Sun]. Suppose we have a polarised manifold
L → X and a Kähler class 2πc1 (L). The “Kähler potential”
corresponds to a Hermitian metric on L and the Kähler form to
the curvature of L.
Taking a power of the line bundle corresponds to scaling the
metric on X .

Suppose we have a sequence of such (Li , Xi , ωi ) with a fixed
diameter bound and bounded Ricci curvatures. We can
suppose there is a GH limit Z .
Rough statement: Z “is” a normal complex projective variety.
There are more precise statements. For example (after
perhaps taking a subsequence) we can find a fixed k and
embeddings τi : Xi → CPN defined by the sections of Lki such
that the projective varieties τi (Xi ) ⊂ CPN converge to a normal
variety W which is homeomorphic to Z .

The essential difficulty is to establish a “partial C 0 -estimate”.
Given a positive Hermitian line bundle L → X and a point p ∈ X
we define ρ(p, L) to be the norm of the evaluation map
evp : H 0 (X , L) → Lp .
The statement that ρ(p, L) > 0 for all p is the statement that the
sections of L define a map
τ : X → P(H 0 (X , L)∗ ).
A definite lower bound on ρ(p, L) gives metric control of the
map τ . The estimate in question is to show that there is some
fixed k0 and a definite lower bound on ρ(Lki 0 , p) for all p ∈ Xi .

The outline of the argument to establish this is as follows.
I

We work near a point q of the GH limit Z . A very small
neighbourhood of q is close to a neighbourhood in a
tangent cone C(Y ).

I

For a suitable open set U in the regular part of C(Y ) we
get an approximately holomorphic and isometric
embedding χi : U → Xi after rescaling and for i large.

I

I

I

Over U, in the regular set of the cone, there is a canonical
section σ of the trivial holomorphic line bundle. It has
Gaussian decay:
2
|σ|2 = e−r /2 .
If we can trivialise (or “approximately trivialise”) the bundle
χ∗i (Lki ), for a suitable k, and if we have a suitable cut- off
function β supported in U, we can transport βσ to a C ∞
“approximately holomorphic” section σ̃ of Lki .

There is a well-developed “Hörmander” theory for studying
the projection of σ̃ to the holomorphic sections.

The main work goes into the construction of suitable cut-off
functions and controlling the holonomy of the line bundles.
The upshot is that one constructs sections of Lki which are
sufficiently controlled to give the required estimate.

2.4 Back to the main proof (KE metrics and
stability)
Following the approach (3), using KE metrics with cone
singularities the programme of work is.
1. Show that there is a solution for small cone angle.
2. Show that given one solution the cone angle can be
slightly deformed.
3. Extend the discussion above to metrics with cone
singularities to show that if there is a sequence
βi → β∞ > 0 with solutions for each i then we can take a
Gromov-Hausdorff limit which is naturally a normal
projective variety W and is the limit of projective
embeddings of X .
4. If W = X show that there is a solution for the limiting cone
angle β∞ .
5. If W 6= X , construct a non-trivial test configuration X with
central fibre W .
6. Show that Fut(X ) ≤ 0.

In item (5) a key step is to establish that the automorphism
group of W is reductive.
Item (6) follows from an extension of the definition of the Futaki
invariant to pairs.

Further remarks
I

The Kähler-Einstein equation can be written as a second
order PDE for the potential. The polarising line bundle is
KX−1 and a metric on this line bundle is exactly the same
thing as a volume form. The KE equation reduces to the
condition that this volume form is the same as the
Riemannian volume.

I

In the Fano case one can exploit a slightly different formal
picture (the group G acting on J ). There is another metric
structure on J for which the corresponding functional F is
the Ding functional.

I

The fact that this metric structure is well-defined is an
important result of Berndtsson (convexity of the Ding
functional), which underpins the proof of reductivity above.

I

The results of Chen and Wang on the Ricci flow approach
establish the “Hamilton-Tian conjecture”. There is a
sequence ti → ∞ such that in the Kähler-Ricci flow ωti
converge to a Kähler-Ricci soliton metric on a Q-Fano
variety.

I

Kähler-Ricci solitons are closely analogous, in this Fano
case to extremal metrics, in the general case. The formal
picture suggests that similar results should hold for the
“Calabi flow” (gradient flow of the Calabi functional) and
extremal metrics.

III Discussion and further developments

3.1 Examples
In the CSCK case there are many examples of non K-stable
manifolds but in the Fano case there is essentially only good
example known [Mukai-Umemura, Tian].
The Mukai-Umemura manifold X0 is a Fano 3-fold with an
SL(2, C) action. Thus SL(2, C) acts on the deformation space
T = H 1 (TX0 ). As a representation of SL(2, C) we have
T = s8 (C2 ). For each small τ ∈ T we have a defomation Xτ .
X0 has a KE metric. For small τ 6= 0 the manifold Xτ has a KE
metric if and only if τ is stable in the GIT sense for the SL(2, C)
action.

It seems very hard with the present state of the art to determine
if a manifold is K-stable. This seems hard even for “large”
deformations of the Mukai-Umemura manifold.
An advantage of the continuity method developed by Datar and
Szekelyhidi is that it is compatible with group actions and
proves a stronger result. In this way they are able to find explicit
new examples of Fano manifolds with KE metrics, not covered
by earlier results. Their examples are Fano n-folds with T n−1
action.

3.2 Tangent cones

Let Z be a GH limit of polarised Kähler manifolds with bounded
Ricci curvature and diameter, as considered in Section II. The
Riemannian theory gives the existence of tangent cones at
each point q ∈ Z not a priori unique. One the other hand we
know that Z has the structure of an algebraic variety, so we can
ask for an algebro-geometric version of the theory. In more
recent work [Donaldson-Sun] we show that in fact tangent
cones are unique in this situation.

Let Oq be the local ring of Z at q. For f ∈ Oq we show that
there is a well-defined “order of vanishing” d(f ) given by
d(f ) = lim (log r )−1 sup log |f |,
r →0

Bq (r )

where Bq (r ) is the metric r -ball. This defines a filtration of Oq
and an associated graded ring R.
W = Spec(R) is an affine algebraic variety with a torus action
(i.e. defined by weighted homogeneous equations). We show
that the tangent cone C(Y ) is the degeneration of W to a
“stable object” in this class of affine algebraic varieties with
torus action.
Example The variety {x 2 + y 2 + z 2 + w k = 0} ⊂ C4 can be
degenerated to the product variety {x 2 + y 2 + z 2 = 0} ⊂ C4 by
scaling w.

There is an interesting question whether W and C(Y ) can be
determined by an entirely algebro-geometric procedure.
This is important because knowledge of the tangent cone gives
more precise knowledge of the metric singularity.
In complex dimension 2 these questions are well-understood.
I

Complex: ADE singularities

I

metric: R4 /Γ = cone over space-form S 3 |/Γ.

3.3 Connections with moduli theory

For manifolds with c1 < 0 the existence problem for KE metrics
is completely understood following Aubin and Yau. But for
canonically polarised singular varieties Odaka showed that
K-stability is equivalent to the stability in the sense of Kollár,
Shepherd-Barron and Alexeev i.e. “semi log
canonical”singularities. In turn, Berman and Guenancia show
that this same condition is equivalent to the existence of a KE
metric.
That is: the “YTD conjecture” is non-trivial and true for
canonically polarised varieties.

Given the KE metrics we can form compactifications of moduli
spaces of K-stable Fano manifolds (as topological spaces)
using the the Gromov-Hausorff topology. There have been
important recent developments relating these to
algebro-geometric approaches.
I

Odaka, Spotti and Sun studied the case of surfaces.

I

Spotti, Sun and Yao extend the existence theory to
K-stable Q-Fano varieties.

I

Odaka constructed a compactified moduli space of
K-stable Q-Fano varieties as an algebraic space.

I

Li, Wang and Xu show that the moduli space of K-stable
Fano manifolds is quasi-projective.

3.4 The CSCK and extremal cases
Examples suggest that the definition above of K-stability may
not be the correct one for general polarised manifolds.
Szekelyhidi has given a modifiedL
definition. Degenerations are
replaced by filtrations of the ring
H 0 (X , Lk ). It seems likely
that this is the right notion.
Example. In the toric case any convex function f on P defines
such a filtration (degenerations correspond to convex Q-PL
functions).
Extending the existence theory from the KE case to CSCK
seems very hard at present because there is no analogue of
the Riemannian convergence theory based on control of just
the scalar curvature.
It is an important problem for the future.

