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THE FOURIER TRANSFORM OF WEIGHTED ORBITAL
INTEGRALS ON SL(2,R)
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1, INTRODUCTION, A study of the adelic version of the Selberg trace for-

mula leads naturally to the analysis of certain tempered distributions on re-
ductive groups over local fields [la], [4], [8]. The invariant distributions
which arise in this context appear mainly as ordinary orbital integrals and
their limits, The Fourijer analysis of ordinary orbital integrals has been
studied extensively over the past decade, and, in the case of real reductive
groups, this analysis may now be regarded as essentiélly complete [2], [7b],
[10].

The situation for p-adic groups is much less satisfactory, and consid-
erable work remains to be done in that case (see [9] for more details).

Along with the ordinary orbital integrals, certain non-invariant dis-
tributions called weighted orbital integrals arise as additional terms in the
trace formula, The Fourier analysis of weighted orbital integrals is more
complicated than that of the ordinary orbital integrals, However, it is likely
that, to fully apply the general trace formula, one will have to understand
these distributions and their Fourier transforms,

Let G be an acceptable, real semisimple Lie group. Let A be the
split component of a parabolic subgroup of G, and suppose that T = TITIR is
a Cartan subgroup of G suchthat AC T, , If v(x), x € G, is the weight
factor associated to the class P(A) of parabolic subgroups of G [lc], then

the weighted orbital integral associated to A is defined as
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) -1 i ,
(1.1) T, (h) = e () A(h) [G/T flehx )vix)dk, h€ T .
R

Here, f € C(G), the Schwartz space of G, A{h) is the usual discriminant,

th) =1, and dx is an invariant measure on G/T[R .

The properties of the distributions f + Tf(h) have been studied ex-

‘R

tensively by Arthur [lb,c]. In particular, Arthur computes the Fourier
transform of Tf when f € CO(G), the space of cusp forms on G, In another
direction, under the as sumption that A # TIR , Herb [7a] has determined the

Fouyrier transform of T, on a subspace of C(G) which is strictly larger than

f

CO(G). In the cases considered by Arthur and Herb, the distribution Tf is

actually an invariant distribution when restricted to the appropriate subspace

of C(G). Thus, the Fourier transform may be written as a ''linear combina-

i

tion'' of tempered characters of G,

The distribution  T_ is decidedly non-invariant on C(G), There is, at

f
present, no general theory concerning the Fourier transforms of tempered,

non-invariant distributions, We approach the problem as follows,
L i € G

et (T, }CTT) temp

ible, tempered representations of G, We set

, the space of (equivalence classes of) irreduc-

(1.2) T = [ £ T)dx, £€CG) .
G

Then T (f) is of trace class,

Now, if A 1is a non-invariant, tempered distribution on G, we seek a

"distribytion” FA on G such that
temp

1.3) BEA)(Ef) = AD), f€C(G),

where F(M) =T(f) for T € G . More specifically, for each T € G ,

temp temp

we expect that there is an operator AA(TT) on }Cn and a measure d[ () such
A

that
(1.4) MO = [, A M T@)a, (M, £ECG) .
temp

We note that the operator AA (1) and the measure d/\ {1T) are not well-

defined independently of each other,
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The goal of this paper is to derive the full Fourier transform of the

distribution T, for the group G = SLZ(R)‘ As noted above, Arthur [1b,c]

has computed the Fourier transform of this distribution when f € CO(G). We
therefore restrict our attention to functions in the orthogonal complementvof

the space of cusp forms, In particular, we compute the Fourier transform of
T, when f is a wave packet corresponding to a principal series representa-

f
tion of G,

The representation theory of G is well-known. In order to state our
results, we first define the following subgroups of G, Let

cos 8 sin ©

: 0< 8 < ;
-8in 8 cos e) 0<9 Zn} ’

K = SO(2,R) = {te = (
e 1) s

(1.5) N={ﬁ=(l (1)):yElR§;

P = AIAN .
If x €G is decomposed as x =kia, k € K, A€ N, a € A, then we define

=n .
y

Bt

(1,6) vix) = v({@) =%Iog (1+y2),

The function v(x) is the weight factor used to define the weighted orbital
integral associjated to the Cartan subgroup H = AIA of G (see [1b]),
For f € C(G), the weighted orbital integral of f is given by
ot -t -1
(1.7 Tf(Yht) = e -e I[ f(xyhtx )

vix)az, vE€ AL, t#0
G/A

where d% is a suitably normalized, G-invariant measure on G/A, This
integral converges, and the map f Tf(yht) defines a tempered distribution

on G (see [1b]).



























































