ENDOSCOPIC L-FUNCTIONS AND A COMBINA TORIAL [IDENTITY

JamesArth ur*

1. Intro duction. In this paper we shall prove a combinatorial identity for certain
functions attached to reductive algebraic groups over number elds. The functions are
built out of logarithmic derivativesof L-functions, and occur asterms on the spectral side
of the trace formula. The identity is suggestedby the problem of stabilizing the trace
formula.

We shall say nothing about the general problem, since we will be dealing with only
a small part of it here. For a given group G (which for the introduction we assumeis
semisimple and simply connected), together with a Levi subgroup M, we shall de ne a
function r& (c ) of a complex variable . The symbol c represens a family fc, : v 62Vg
of semisimple conjugacy classesfrom the local L-groups “M,. The function rg (c ) is

constructed in a familiar way from the quotients

rojp(c) = L(O;c; gp)L(Lic; gp) *; Q;P2P(M);

of unrami ed L-functions

Y
L(s;c; qjp) = L(s;c; a)

a

that are part of the theory of Eisensteinseries. We assumeinitially that c is automorphic,
in the sensethat it comesfrom an automorphic represetation of M. As is well known,

the quotients rgjp (¢ ) will then have meromorphic cortinuation for in a complex vector
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spaceay .c. This property is required for the de nition of r,a (c ), and implies that r,a (c)
is also a meromorphic function of

In the present cortext, the stabilization problem is to relate r& (c ) with \stable"
functions sﬁoo(co) attached to endoscopicgroups of G. Here M is a xed endoscopic
group for M, c® = fc¥ : v 62Vg is an automorphic family of conjugacy classesattached
to M and c is now assumedto be the image of c® under a xed embedding"*M°%! M.
The functoriality principle assertsthat c is an automorphic family for M. This would
immediately imply the meromorphic cortinuation of the functions rq;p (¢ ), on which the
de nition of rG (c ) depends. However, even sud a relativ ely accessiblecaseof funtorialit y
is far from known. We shall instead prove directly that the basic endoscopicL -functions
L(s;c; a) have meromorphic cortinuation in s 2 C (Proposition 1). We will then be able
to de ne rg (c ) without knowing that cis automorphic. Oncewe havede ned rg (c ), we
shall construct functions s,?,loo(co) by an inductiv e procedurethat is typical of the general
stabilization of terms in the trace formula.

The meromorphic continuation of endoscopicL -functions is related to results of
Shahidi in [13] and [14], which were a part of his proof of some important properties
of local L-functions and "-factors [14, Theorems 3.5, 7.9 and 8.1]. We shall apply similar
inductiv e argumerts, but we will avoid caseby caseconsiderationsby usingthe global form
of a set By o(G) introducedin [6] and [7]. The elemers in Ey o(G) are endoscopicgroups
GOfor G which cortain M ®asa Levi subgroup. They determine a simple decomposition of
the endoscopicL -functions (Lemma 4), of which the required meromorphic corntinuation
will be a straightforward consequence.The set Ey o(G), and Lemma 4 in particular, will
also be the basis of our stabilization of r (c ). The construction, which includes our
combinatorial identity, will be the content of Theorem 5.

| have pro ted from many enlightening conversationswith Shahidi on L-functions and
intertwining operators. In particular, 1 would like to thank him for pointing out an error

in my original manuscript.



2. Endoscopic L-functions. Let G be a connected,reductive algebraic group over
a number eld F. For reasonsof induction it is also corveniert to introduce a certral
torus Z in G over F, together with a character on Z(F)nZ(A). We assumethat Z is
induced, in the sensethat it is a nite product of tori of the form Res- GL(1) . We
also x a nite setof valuations V of F sud that the local componens G, Z, and , are
all unramied at any v not in V.

We considerfamilies

c = fc,: v6A/g;

whereead ¢, is a semisimpleconjugacyclassin the local L-group - G, of G, whoseimage
in the local Weil group W, is a Frobenius elemen. Let C(GY; V) be the set of families
c that satisfy the following two conditions. First of all, ead ¢, must be compatible with
v. In other words, the image of ¢, under the projection -G, ! -Z, givesthe unrami ed
Langlands parameter of . Secondly we require that for any ®-invariant polynomial A
on - G, c satis es an estimate

A(c) dr; vV 62V;

for somera > 0. As usual, g, standsfor the order of the residueclass eld of F,. Suppose
that c belongsto C(GY; V), andthat isa nite dimensionalrepreseration of - G. Then

the Euler product

Y 1
1) L(s;c; ) = det1 (c)q,° 7 s2C;

\2or.%

corvergesto an analytic function of s in someright half plane.

A fundamental conjecture of Langlands [10] assertsthat if ¢ comesfrom an automor-
phic represetation, L(s;c; ) canbe cortinuedto a meromorphicfunction of s in the ertire
complex plane. To be more precise, we recall that the local componerts of ¢ determine
unrami ed irreducible represetations (c) = (c,) of G(F,), and hencean unrami ed

N
represertation v (c) = v(c) of the subgroup G(AY) of points in G(A) that are 1
v6d/



at eah v in V. Let C/,(G; ) be the set of ¢ for which there exists an irreducible rep-
reseration y of G(Fy) = Q G(Fy) sud that the represenation V(c) of G(A)
is automorphic [11]. The L:nvglands conjecture assertsthat if ¢ belongsto CY, (G; ),
L(s;c; ) has meromorphic cortinuation. The conjecture actually assertsmore, namely
that one can add Euler factors at the placesv 2 V so that the completed L-function
satis es a suitable functional equation. Our concernin this paper, howewver, is with the
unrami ed L-functions.

Let M be a Levi subgroup of G, and let @ @& be a dual Levi subgroup of
[7, x1]. Then there is a bijection P ! B, from the set P (M) of parabolic subgroups of
G over F with Levi componert M, to the set P(M) of = Gal(F=F)-stable parabolic
subgroupsof 8 with Levi componert M. If P and Q lie in P(M), let o;p be the adjoint
represemiation of “M on the Lie algebra of the intersection of the unipotent radicals of
? and @ Suppose that ¢ 2 C,(M; ). It then follows from results of Shahidi that
L(s;c; gjp) has meromorphic cortinuation in s. We shall shav that this property holds
for families ¢ 2 C(MV; V) that come from automorphic represerations of endoscopic
groups for M .

Let M stand for an elliptic endoscopicdatum (M%M ©s,; %) for M over F [12,
(1.2)], that is unramied outside of V. Recall that M © is a split extension of Wg by
@9 that need not be L-isomorphic to “M? To take care of this problem, one has to
x a certral extension f1° of M © by an induced torus €° over F, and an L-embedding

& MO Lf10 (See[12, (4.4)] and [5, x2].) If We | M Cis any section, the composition
We | MO T Lfa0 1 Leo

is then a global Langlandsparameterthat is dual to a character e®on €(F)n€YA). Wecan
assumethat ¥ °and e®are alsounrami ed outside of V. The preimage2°of Z in 1 is also
acertral inducedtorus. It is easyto seethat the construction above (appliedto M = M=Z

in place of M) provides a canonical extension of €° to a character on ZYF)nZYA). The
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product of e® with the pullback of to Z9A) is then another character € in ZYF)nZYA),
that is unrami ed outside of V.

Supposethat c® belongsto C (K19 (€)Y . If v 62V, the projection of c onto - €2
is the conjugacy classthat correspondsto the Langlands parameter of the unrami ed rep-
resertation €. Therefore ¢ equals€(d), for a semisimpleconjugacy classc® in M . Let
c = m. () bethe imageof @ in “M,. The family ¢ = fc, : v 62Vg then belongsto
c(MV; V). We thus obtain a map c®! ¢ from C (M9V;(8)Y to MV; V). Lang-
lands' functorialit y principle [10] implies that the subset G, (f1 €9 of C (£19V; (&)
is mapped into the subsetC/,, (M; ) of (M V; V). Howewer, this is far from known. We
shall neverthelessprove that if ¢ is the image of a family c®in ¢, (f1 2 €9, the L-functions
L(s;c; qjp) all have meromorphic cortin uation.

We shall rst construct a subsetC’ (M; ) of (M V; V) that contains the imagesof
the setsCY, (1% €). If :M ! M isaninnertwist over F that is unrami ed outside of
V,let (Z ; ) betheimageof (Z; ),andlet :-M ! 'M bean L-isomorphismthat
isdualto . Then  mapsC/,(M ; ) onto asubsetof (M"Y ; V). The setC’ (M; )
will cortain theseimages,as well asthe endoscopiccontributions. We assumeinductiv ely
that for any elliptic endoscopicdatum M ° for M as above, that is proper in the sense
that it is not equal to a quasisplit inner form of M, the set C' (f1 % €9 has beende ned.
Wede ne C’ (M; ) to be the union, over all such M 9, of the imagesin (M V; V) of the
sets CY (M % €9), together with the union, over all M as above, of the imagesof the sets

Y (M ; ). Note that CY(M; ) cortains the image of CY,, (1% €) for each M% The
functorialit y principle implies that C’ (M; ) actually equalsC/,(M; ), at leastwhen M
is quasisplit, but we are of coursenot free to assumethis.

Following standard notation, we write Z (/) % for the identity componert of the
group of = Gal(F=F)-invariant elemens in the certer of &1. Then Z(M) %is a
complex torus in 8, that plays the role of the split component of the certer of a rational

group. Supposethat a is a nontrivial (continuous) character on Z (M) % We write a



for the represetation of “M on the root spacel, of a on the Lie algebra of 8. For any
c2QMVY; V),
Le(s;c;a) = L(s;c; a); s2 C;

is an analytic function of s in someright half plane, which of courseequals1 unlessa is

0

actually aroot of ®; Z(®) ° . If ( P) denotesthe setof roots attached to a parabolic

subgroup P 2 P(M), we have the product formula

Y
L(s;c; qjp) = Lg(s;c;a); P;Q2P(M):

az ( P\ ()
Using the theory of Eisenstein series, Shahidi has shown that if ¢ belongsto the subset
v (M; ), the functions L (s;c;a) have meromorphic cortinuation [13, x4] [14, Proposi-
tion 4.1]. The functions L(s;c; qjp) therefore also have meromorphic cortin uation in this

case. We shall establish the sameproperties for any c in the setCY (M; ).

Prop osition 1. For any character a on Z(M) 0, and any elemert ¢ 2 C'(M; ), the

function

s ! Lg(s;c;a)

has meromorphic continuation to the complex plane.

3. Pro of of meromorphic contin uation. Supposethat M ° represens an elliptic
endoscopicdatum (M%M 29, ; 9 for M, in which M %is actually an L-subgroupof-M,
and J is the identity embedding of M ®into “M . The key to Proposition 1, and to our
later combinatorial identity as well, will be the set Ey o(G) of endoscopicdata that was
intro ducedfor local elds in [6, x4] and [7, x3]. For our global eld F, wede ne Ey o(G) the
sameway. Then Eyo(G) is the set of endoscopicdata (G% G*s% 9 for G over F, taken
modulo translation of s° by Z(®) , in which s lies in s% Z(®) , &°is the connected

certralizer of s°in 8, G° equalsM %%, and ©is the identity embedding of G into - G.



For eadh G%in By o(G), we x an embedding M® GO for which @10 @°is a dual Levi
subgroup. The certral extension #° of M %in x2 determinesa certral extension €° of G°

by €°that cortains f1°asa Levi subgroup. We de ne coe cien ts
wo(GiGY = Z(M9 =Z(M) Z(8) Z(®) G2 By o(G);

just asin the local case.

We have simply copiedthe de nition for local elds in [7, x3]. Howewer, there is one
point to be veried in the global case. We needto shav that Eyo(G) is bijective with
Z(M) =Z(®) . To do so, we must verify that any point s°in s% Z(®) actually does
de ne adatum G°in Eyo(G). The point to ched is that Int(s) Cequalsa © wherea
is a locally trivial 1 cocycle of W in Z(@). Since M % is a global endoscopicdatum, the
restriction of Int(s) °to M % equalsay % where ay is a locally trivial 1 cocycle of
WE in Z(M). The existenceof a is an immediate consequencef the following lemma, in

which ker* F;Z(@) denotesthe subgroup of locally trivial elemens in H?! F;Z(@) :

Lemma 2. The map

ket F;Z(®) ! ket F;Z(®)
is an isomorphism.

Pro of. By the obvious transitivit y property, we can assumethat G is quasisplit and
that M is a minimal Levi subgroup. Then K is a torus, and Z (M ):Z(@) is a maximal
torus in the adjoint group @:Z(@). The action of in Z(M )=Z(@) is dual to a direct sum
of permutation represetations. The required bijectivit y of the given map then follows

from the exact sequence
o Z(M)=Z(®) 1 HIE;zZ(® ' HFzZ(®M) ! H!FE;z(M)=Z(®) ;

and its analoguesfor the completions of F. (Seethe proof of [9, Lemma 4.3.2(a)].)



Corollary 3. The setEy o(G) is bijective with Z(81) =Z(®) .

Supposethat a is a nontrivial character on Z (M) 0, as above. Obsene that the
kernel

Zo = 22 Z(W) 0. a(z)=1

acts by translation on Z () :Z(@) , and therefore alsoon Ey o(G). We write By o(G)=Z,
for the set of orbits. We also note that Z (M) 0 equals Z(M 9 O, since M %is elliptic.
But Z(M9 %isa subgroup of Z(fﬂ 9 0, and for any G° 2 Eyo(G), this injection

determinesan isomorphism

) zm9 =zm@9 °\z@) 1+ z@@o °=z@o °\ z(&y :

If aistrivial on Z(M9 °\ Z(89 ,let a%= a®’ be the unique characteron z(f9 °

that is trivial on Z(Iﬁl 0) %\ Z(@O) . Otherwise, we take a° to be any character on
Z(Iﬁ 0) % whoserestriction to Z(M9 ° equalsa. The character a thus determinesa

family of L-functions

L go(si €% a); 02 ¢c (f19V: (e -

for each G°2 By o(G). In the casethat ais not uniquely determined by a, a®is not a root
of @0; Z(Iﬁ 0) 0 , and Leo(s;c", aY is equalto 1. The L-function is therefore uniquely

determined by a.

Lemma 4. Suppose that @ is an elemen in C (MM 9V;(8)V with image c in

cMV: V). Then

Y
(3) La(s;c;a) = L go(si¢%)):
GO2E,, o(G)=Za
Pro of. We can assumethat a is a root of ®; Z(M) 0 , since both sidesof (3)
would otherwise be equal to 1. If G° corresponds to the element s%in s%, Z(M) =Z (&) ,

Ad(sY stabilizes the root spaceb, in the Lie algebra of 8. The root spaceof a%in the



Lie algebra of &0 can be identied with the root spaceh? of a in the Lie algebra of &
This isin turn just the (+1)-eigenspaceof Ad(s? in b,. If sYis replacedby a Z,-translate,
this eigenspaceemainsthe same. In particular, the factor LQO(S;CO; a% on the right hand
side of (3) doesdepend only on the Z,-orbit of G° sincethis factor is determined by the
adjoint represenation of M %on B.

Let
M
ga = ga;i
i

be the decomposition of b, into distinct eigenspacesinder the action of Ad(sY, ). We can

identify s9, Z(M) =Z(®) with s, z(&1) °

=z@m@) °\ z(®) , by [7, Lemma 1.2]. If

sP= s, t is any point in this set, we have
Ad(SO)Xi = ia(t)Xi; Xi 2 ga;i;

where ; is the eigernvalue of Ad(s,) in b,i. Sincea de nes a nontrivial character on
the complextorus Z (M) o, there is a point s in s, Z(9) % that acts asthe identit y
on bai. If G°2 By o(G) is the endoscopicdatum corresponding to the image of s? in
9, Z(M) =Z(8) , the root spacel? equalshy; . It is clearthat s is uniquely determined
up to translation by Z,, and that the distinct eigenspace$.,; determine distinct Z,-orbits
in By o(G). Moreover, if G°2 Ey o(G) doesnot correspond to the Z,-orbit of somes?, 2

equalsfOg. It follows that

M M 0
(4) ba = Bai = Ba:
i GO2E,, o(G)=Za

This correspndsto a decomposition of the restriction of , to M %into a direct sum

M

D O

GO2E,, o(G)

of subrepresemations. The decomposition of Lg(s;c;a) into a nite product (3) follows

easily from this decomposition, and the multiplicativ e property of L-functions.
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We can now prove Proposition 1. Suppose rst that cis the imagein CY (M; ) of an
elemen ¢ 2 G/, (M ; ), for aninnertwist : M ! M . We can always extend
to an inner twist from G to agroup G over F. Then  correspndsto a represemation
a OfLM sud that

Ls(s;c;a) = Lg (s;c;a):

We may therefore assumethat M = M and = 1, or in other words, that c belongs
to the subsetCY, (M; ) of CY (M; ). The meromorphic cortinuation of Lg(s;c;a) in this
caseis due to Shahidi. We shall give a casefree proof basedon the setE, (G), whereM
is a quasisplit inner form of M .

We shall assumethat the root spacely, is non-empty, sincel ¢ (s;c;a) would otherwise
be equal to 1. Then a is a positive integral multiple of a unique reduced root a; of

8 za) % . Considerthe set
a=ka;: 1 k m

of all roots that are positive integral multiples of a;. We shall prove Proposition 1, in the
special casethat ¢ belongsto CY,,(M; ), by induction on the length m = m(G; a).

Choosea root ax with 1k m. The kernel Z,, corntains Z,,, and a; maps the
quotient Z,, =Z,, isomorphically onto the group of k-th roots of 1 in C . Let s) be an
elemert in Z,, that mapsto a primitiv e k-th root of 1. As an elemert in Z (M) :Z(@) :
s? determines an endoscopicdatum G2 in By (G). Consider Lemma 4, particularly the
decomposition (4) established during its proof, in the special casethat M°= M and
9, = 1. We obsene immediately that the Lie algebrab? of 82 hasthe property that an
intersection

gck)\ Ba ; 1 m
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is equalto either ;. or f0g, accordingto whether * is an integral multiple of k or not. In
particular, ax is a reducedroot of ao; Z(&) 0 , and the length m(&?; ax) equalsthe

greatestinteger in m=k. Moreover, if a = ax, we have
La(s;cia) = Lgo(s;ca):

If kK > 1,the meromorphic continuation of L g (s; ¢;a) follows from our induction hypothesis.

To deal with the remaining casethat a = a;, we recall that the product

Y
(s) = Lo(ks;cia)Lg (1 + ks;ciay) *
k=1

is the unrami ed part of a constart term of any Eisensteinseriesattachedto c. The ram-
i ed componerts of constart terms have meromorphic cortinuation, by generalproperties
of local intertwining operators. Since Langlands' theory of Eisenstein seriesincludes the
memomorphic continuation of all constart terms, the function (s) has meromorphic con-
tinuation. Now we have already establishedthe meromorphic continuation of the factors

with k > 1 in the product for (s). We concludethat the remaining factor
Ls(s;c;a;)Lg(l+ s;c;ag) *

also has meromorphic cortinuation. The meromorphic corntinuation of the function
Lg(s;c;a) = Lg(s;c;a;) follows.

We have established Proposition 1 if ¢ belongsto the image of CY,, (M ; ), for an
inner twist M of M . For the remaining caseof an endoscopidmage, we have already made
all the necessarypreparations. Supposethat c is the image of an elemen c®2 CV (1% €9,
for an elliptic endoscopicdatum M %6 M . We can assumeby induction on the dimension
of the derived group of M that the proposition holdsif (M; ) is replacedby (M % €9 The

meromorphic cortinuation of L (s;c;a) then follows from Lemma 4.
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4. Stabilization of rﬁ (c ). We comenow to our conmbinatorial identity. In prepa-

ration, we note that there is a canonical map from the real vector space
ay = X(M)e R

onto the corresponding spacea, for Z. Let a, , beits kernel. The complexi cation
ay.; C canbeidentied with a subspaceof the Lie algebraof Z(M) , that has an

action

c=fag ! ¢ = fc, =caq =cexp( (logaq) )g; 2ay; G
onCMVY; V). It is clear that

Le(s;c;a) = Lg s+ (da)( );cia;

where da is the linear form on a,, C assiated to a given character a on Z(M) °

The action ¢! c¢ leavesinvariant the subsetC’ (M; ) of C(MV; V). It follows from

Proposition 1 that for any xed s 2 C, the functions
I Lg(so;cC ;a); 2ay, C;c2C/(M; )

are meromorphic.

Supposethat cliesin CV(M; ). The quotients
r(c;a) = Le(0;c;a)lg(lic;a) *
are then meromorphic functions of , asare the quotients

rojp(c) = L(O;c; ojp)lqp(lic;a) *
Y

r(c ;a); P;Q2P(M):
2(P) (B
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Motiv ated by the local results of [6], we introduce a (G; M )-family of functions
rQ( ;C) = er@(C) 1er6(C +% ); Q2 P(M);

of 2 iay.;. (As afunction of , rq( ;c) takesvaluesin the spaceof meromorphic

functions of .) The limit

ra(c) = lim ro( ;¢ ) o() *;

with the function

1 Y

o() = vol ag=Z( o) ( -)

2 q
de ned asfor examplein [1, x2], is then de ned asa meromorphic function of 2 a, , C.
(See[l, Lemma 6.2].) The functions r (c ) occur in the invariant global trace formula
obtained from the normalized weighted characters of [6]. They are the unrami ed spectral
terms, that take the place of the functions r& () [3, (4.5)] from the original invariant
trace formula. (See[8, x3].)

Given that they occur in the trace formula, it makessenseto stabilize the functions
r& (c ). There are no invariant distributions here to be made into stable distributions.
The question is rather that of carrying out a construction that is forced on us by the
stabilization of more seriousterms in the trace formula. We shall follow the prescription
in [6, x4] and [7, x3] for stabilizing weighted orbital integrals.

The construction consistsof a de nition and an identity to be proved. In the caseof
weighted orbital integrals, the identity is quite deep, and was left as a conjecture. The
corresponding identit y hereis simpler, and will be the corntent of the next theorem. The
theorem appliesto a xed setV, and variable objects (G;M; ) and M °that are as above.
Thus, V is a nite set of valuations of F, G is a connectedreductive group over F, M is a
Levi subgroup, is an automorphic character on a certral induced torus Z of G, and M °

is an elliptic endoscopicdatum for M, all of which are unrami ed at the placesoutside of
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V. In order that it be more closely parallel to the caseof weighted orbital integrals, the
de nition part of the construction will be restricted to triplets (G; M; ) that are quasisplit
(which is to say that G, M and Z are quasisplit over F), while the identity will apply to
any triplet. The distinction is just cosmeticin the presen situation, since none of the

objects depend on a choice of inner form.

Theorem 5. For ead quasisplit triplet (G;M; ) and eadh ¢ 2 C'(M; ), there is a

meromorphic function
sw (€ ); 2ay; C;
with the property that for any (G;M; ), any M and any elemen c®2 C' (f1 % €) with
imagecin CV(M; ), the identity
X 0
(5) ra(c) = wo(G; G9s®, (%)

GO2E, o(G)

holds.

Pro of. If (G;M; ) is quasisplit and c belongsto C'(M; ), the function s (c ) is
uniquely determined by the required identit y. We de ne it inductively by setting

X 0
sw(c) = rg(c) m (G; G9sy (¢ );
GO2EY (G)

where EY, (G) denotesthe set of elements G°2 Ey (G) with G°6 G. Sincethe coe cien t
v (G; G9 vanishesunlessGV is elliptic, the sum can be taken over a nite set.
Now supposethat (G;M; ) is any triplet, and that cis the imagein CY (M; ) of an

elemen c®2 CY (M2 €9). Our task is to show that r& (c ) equalsthe endoscopicexpression
G;E/ 0 X . €° / 0y.
ry (c?) = Mo(G,GO)smo(c ):
GO2E , o(G)

We shall actually prove a more generalidentit y.
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Supposethat A is a nite set of contin uous characterson Z (/) ° Then

Y
ro( ic:A) = r(c;a) 'r(c,y ;a); Q2P(M);

a2A\ ()
is a (G; M )-family of functions of 2 iay,.,, with valuesin the spaceof mermorphic

functions of . The limit

X
ra(c;A) = lim ro( ;c;A) o() 1!
© Q2P (M)
is then a meromorphic function of . If A°= fa%: a 2 Ag, we de ne generalizations

sG (c ;A) and ry 5(c%; A) of s (¢ ) and r ' 5(c) inductively by setting

X
sa (¢ ;A) = ra(c;A) v (G;G9sS’(c ; A)
G92EQ (G)

for (G;M; ) quasisplit, and

G;E/ 0. — X . €° /0.

ry (c%;AY = Mo(G,GO)sW(c : A9

GO2E,, o(G)

in general. There is actually no distinction to be made between the quasisplit and the
generalcase. For if (G ;M ; ) is a quasisplit inner twist of (G;M; ), there is a bijec-
tion c! c from C/(M; ) onto C'(M ; ) such that r& (c ;A) = r& (c ;A). Since
ro 5% A9 = rg F(c°; A9, we may aswell then assumethat (G;M; ) is quasisplit. We
shall shaw that r& 5(c; A9 equalsr§ (c ; A) by induction on A,

The main step is the casethat A is a set fag of one elemen. In this case, the
function r& (c ;A) = r& (c ;a) vanishes,unlessa is a root of &; Z(M) ° and spans
the kernelaﬁ of the natural mapay ! as. The sameassertionfollows inductiv ely for the
functions S%OO(CO;AO) = sgo(co; a9, and hencealsofor r; 5(c%; A9 = r o F(c?; a9). We can
therefore assumethat M is a maximal Levi subgroup of G. But in this case,rg (c ;a) is
a logarithmic derivative of the function r(c ;a), (relative to the coordinate of % de ned

by the unit vector in af; determined by a). On the other hand, Lemma 4 implies that

15



r(c :a) is a product over G°2 Ey o(G)=Z, of the functions r(c®; a% attachedto &°. Since
logarithmic derivativestransform products to sums, we obtain
0
re(c;a) = rgo(co;ao):
GO2E,, o(G)=Za

To deal with the other side of the required identit y, we set

G;E/ 0 X €° /0

ry (c%;8) = mo(GiGY) sig,(c”;a);

GO2E,, o(G)

where

s%oo(co;ao) = Za0Zap\ Z(89 1rgo(co;ao):
It will be enoughto shov that rg'5(c%;a%) equalsr§ (c ;a). Indeed, in the casethat
M %= M, this would establishinductively that s& (c ;a) = sg (c ;a). For arbitrary M ¢

we would then obtain
rofcad = raf(®a) = rg(ca);

which is the required identity (for A = fag).

Consider the product of yo(G;G% and sgoo(co;ao) that occurs in the last sum.
We can assumethat a is a root of 8% zZ(M9 ° | or equivalertly, that a°is a root of
@0; Z(Iﬁ 0) 0 , sincethe function sgo(co;ao) would otherwisevanish. In particular, Z,
cortains Z(M9 °\ (89 , and Z, cortains z(f9 °\ z(&Y . It follows from the

isomorphism (2) that
Za0Zp0\ Z(8Y) = Z,Z,\ Z(8Y :
To deal with the coe cient y o(G; G9, we recall that

zm9y = z®@9 °z@ = z@) °z(®9 ;

16



by [7, Lemma 1.2] and the ellipticit y of M % In particular, the canonical map
Z(BY) =Zz@® 1 z@9 =Z@@™)

is surjective. It follows easily that

Z(M9 =Z@) z(®) =z@®)

v o(G; GY
1.

z(@) °\ z(@® =zm@) °\ z(®)
Since Z(9) %\ Z(@O) is corntained in Z,, we obtain

wo(G:GY = Z,\ Z(8Y =Z,\ z(®)

The product becomes

wo(G; G9 sgo(co; a%

Za\ Z(8) Za\ Z(B) T ZaZa\ 2(8)  rE ()

ZaZa\ (89 € (0 a):

NBO
We concludethat GE, o
ry(c”; a9
X

- Za=Za\ Z(0®) lrgo(co;ao)

GO2E,, o(G)

X 0

- r,(c’;a)

GO2E,, o(G)=Z4

ry (c ;a);

sincergoo(co; a% dependsonly on the orbit of Z, in Eyo(G), and sincethe stabilizer of G°

inZgisZa\ Z(@) . We have establishedthe required identit y in the casethat A contains

one elemer.

Having establishedthe casethat jAj = 1, we now supposethat A is a disjoint union

of two nonempty proper subsetsA; and A,. We assumeinductiv ely that

i (CAD) = (e AD; Li2L(M); i=12
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whereL (M) denotesthe set of Levi subgroupsof G that contain M . We shall usesplitting

formulas to reducethe caseof A to those of A; and A,. Indeed
ro( ;¢ ;A) = ro( ;¢ ;A)rQ( ;¢ ;Az); Q2P(M);

is a product of (G; M )-families. It follows from the splitting formula [2, Corollary 7.4] that

X
rg(c;A) = di (L1, L2)ryt(c s ANy (c 5 AL);
Li;L22L (M )
for certain coe cien ts d (L1;L2). There is also a splitting formula for rﬁ;E(c ;A), that
can be establishedin exactly the samemanner as Theorem 6.1 of [7]. One hasto assume
inductiv ely that the appropriate splitting formula holds for ead of the terms SWO(CO,AO),
G%6 G, in the de nition of r; 5(c%; A9. The proof of [7, Theorem 6.1] then leadsdirectly
to the formula
G;E/ 0 X G L1;E/ A0 0y,.L2;Ef0 0
ry (A9 = dy (LasLo)ryt (A2 =(c; Ad):
Li;Lo2L (M )
It follows from our induction assumption that rﬁ;E(co;A(ﬁ equalsrg (c ;A). This is what
we wanted to show. To complete the proof of the proposition, we simply take A to be the

setof roots of &; z(M) ° . We obtain
v (9) = Ty =AY = rg(ciA) = rg(c);

asrequired.

Remarks. 1. As we have already noted, the construction in Theorem 5 is parallel to the
stabilization of weighted orbital integrals. In particular, the required identities in ead case
are of similar form. Where they di er is in their degreeof di cult y. That we could prove
an identity here with relative easemay be regarded as evidencefor the deeper identity

that was stated as a conjecture in [6] and [7].
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2. There is an important special caseof the stabilization problem for weighted orbital
integrals. It is the weighted analogue of the (conjectural) fundamertal lemma. (See[8].)
This is in even closeranalogy with the construction here. The formal similarity between
the two seemsto suggestsomerole for the functions r (c ), or rather local (unrami ed)
forms of them, in the fundamertal lemma.

3. Theorem 5 is reminiscert of another combinatorial identit y. We are thinking of the
construction for Weyl groupsin [4, Theorem 8.1], which is actually analogousto a twisted
form of Theorem5. While Theorem5 amourts to a stabilization of the unrami ed spectral
terms in the trace formula, the identity in [5] would be part of the stabilization of another

set of terms, the onesthat occur discretely on the spectral side.
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